Exercises

Derivatives and extrema of multivariate functions
— Solutions

Exercise 1. 1.
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Exercise 2.
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Exercise 3.

xi1(p1,p2) =10 —p1 +2p2, x2(p1,P2) =8+ 2p1 — 6p;

Cost function: C(x1,x2) =4%x1 + 2x,

Profit : P(p1,p2) =pixi +pax2 — Clx1,%2)
= P(p1,p2) = p1(10—p1+ 2p2) + p2(8 + 2p1 — 6p2) —4(10 — p1 + 2p2) — 2(8 + 2p; — 6p2)
= 10p; — P + 2p1p2 + 8p2 + 2pip2 — 6p3 — 40 + 4p; — 8py — 16 — 4py + 12p;

= —pi—6p3+4pp2+ 10p; + 12p; — 56

oP |
— = 2p1+4p,+10=0 1
ap] p]+ p2+ ()
oP
_:_12p2+4p1+12£O (2)
apz

2.(1)+(2) = —4py+32=0 — p,=8
(1) = pi=21

P = (21, 8) is a stationary point.

0%G 0°G 0°G
op? " op} ' 9p2dp oraipnps
G ?? G \’
Gz. f_( G ) =(=2)-(—12)—4*=24—-16=8>0
opy 0py  \0p20p;
for p1, p2
—  P(p1,p2) hasalocal maximumat x = (21, 8). Since lim,,, _,+ in¢ P(p1,p2) =
—inf and limy,,, 4 in¢ P(p1,p2) = —inf this is also the global maximum.
Exercise 4.

1.
]
f(x,y) = e +3y7 2y

fx,y)=e H2x—4)=0 =—=2x—-4=0 =x=2

2 !
fy(x,y):§y—220 —y=3



(x0,Yo) = (2,3) is a stationary point (i.e. a candidate for an extremum).

fulx,y) = (2x— 4)e"2’4x(2x —4) + )
= [(ZX —4)? + 2] e’ >0 forall Xy Y

2
fyy(x,y) = 3 >0, fylx,y)=0 forallx,y,

2
det(H") = fo-fyy—(fry)? = ((2x—4)2+2)e"2’4"~§—0 >0 firallx,y€eR
Thus f has a local minimum at (X,,yo) = (2, 3).
2. flx,y) =% —y* +27x + 12y — 4

f, = 3x’+27 = 0 = There is no real solution, i.e. there is no extremum.

3. flx,y) =x>—y* —27x + 12y —4
=32 =27 20— x =43

fy=—=32+12=0—=y=1=42

=P, = (3,2), P, = (3,-2), P; = (—3,2), P, = (—3,—2) are stationary
points.

frx = 6X, fyy = —6y, foy = fyx =0
det(H") = fyy - fyy — (fuy)? = —36xy
. P =(3,2)
det(H'(3,2)) = —-36-3-2<0
— There is no extremum at Py = (3, 2) (We call this saddlepoint).
« P, =(3,-2)
det(H"((3,-2)) = —-36-3-(—2) >0
fox=6-3=18>0

— There is a local minimum at P, = (3, —2).



« P3= (_332)

det(Hf((=3,2)) = —36-(~3)-2>0
foo=6-(—3)=—18 <0

— There is a local maximum at P; = (—3, 2).
e Py= (_3) _2)

det(Hf((=3,-2)) = —36-(=3)-(—-2) <0
— There is a saddlepoint (no extremum) at Py = (—3,—2).



Exercise 5.

1.
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af 2 XZ af
a—xz—x12xze2 — axzﬂ ,0) =0
2. (a)
dfly o = of —(1,0) + of —(1,0)=2+0=2
X 0%,
f(1.1,0.1) = f((1,0) 4+ (0.1,0.1))
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Exercise 6.
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